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We formulate the lattice QCD simulation with background classical gravitational fields. This for-
mulation enables us to study nonperturbative aspects of quantum phenomena in curved spacetimes
from the first principles. As the first application, we perform the simulation with the Friedmann-
Lema´ıtre-Robertson-Walker metric and analyze particle production in the expanding universe.
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I. INTRODUCTION
Quantum field theory in curved spacetimes has a broad
range of applicability. It covers not only real gravitation,
e.g., the expanding universe and black holes, but also
non-inertial reference frames, e.g., accelerated frames and
rotating frames. One of the most prominent quantum
phenomena in curved spacetimes is particle creation from
the vacuum. The particle creation occurs on black holes,
in accelerated frames, and in the expanding universe [1].
The understanding of such a quantum process at the full
quantum level is a long standing problem.
Despite enormous efforts, the consistent quantization
of gravity is still difficult due to nonrenormalizability.
At energies below the Planck scale, quantum effects of
gravity can be neglected and gravity can be treated as a
classical field. Whereas quantum gravity is too difficult,
quantum field theory with classical gravity is, at least in
principle, tamable. Practical calculations of interacting
quantum field theory are, however, not easy even if grav-
ity is classical,. In particular, in the strong coupling re-
gion of quantum chromodynamics (QCD), a perturbative
approach does not work successfully. To study nonper-
turbative aspects of QCD, we need the lattice simulation,
which is an ab initio nonperturbative approach in QCD.
In this paper, we formulate lattice QCD with external
gravitational fields. The gravitational fields are classical
backgrounds in this framework, unlike in lattice quantum
gravity [2]. While the backreaction from QCD to gravity
is absent, quantum effects of QCD are exactly taken into
account. Lattice QCD in a curved spacetime was first for-
mulated in a specific case of a rotating frame [3]. We ex-
tend this formalism to general curved spacetimes. There
are pioneering works of Abelian gauge theory on curved
lattices [4]. In addition, some kinds of simulations in
flat spacetimes can be regarded as simulations in curved
spacetimes. The examples are an anisotropic lattice with
direction-dependent coupling constant [5] and an inho-
mogeneous lattice with coordinate-dependent coupling
constant [6].
II. FORMULATION
We consider a four-dimensional Riemannian spacetime
with the invariant length
ds2 = gµν(x)dx
µdxν . (1)
The metric tensor gµν(x) has positive signatures. For
simplicity, we assume that the spacetime is covered with
a single global coordinate patch.
In the continuum, the Yang-Mills action is
SYM =
∫
d4x
√
det g
1
2g2YM
gµνgρσtrFµρFνσ. (2)
and the fermion action is
SF =
∫
d4x
√
det g ψ¯[γµ(∂µ + iAµ + iΓµ) +m]ψ (3)
[7]. The connection is
Γµ =
1
4
σijωµij (4)
with
σij =
i
2
[γi, γj ] (5)
ωµij = gαβe
α
i (∂µe
β
j + Γ
β
µνe
ν
j ) (6)
Γβµν =
1
2
gβρ (∂µgρν + ∂νgµρ − ∂ρgµν) . (7)
The Greek and Latin indices refer to the coordinate and
tangent spaces, respectively. They are related through
the vierbein eµi (x), which satisfies e
µ
i e
ν
j gµν = δij . The
gamma matrix in curved spacetimes is given
γµ(x) = γieµi (x), (8)
where γi is the gamma matrix in the flat Euclid space.
In general, there exists the ambiguity of the choice for
the vierbein and the Dirac operator depends on it.
We embed a hypercubic lattice into a spacetime where
the gravitational field and the coordinate are fixed. Thus
there is no general covariance, i.e., no local gauge in-
variance of gravity, unlike the dynamical triangulation in
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2lattice quantum gravity [2]. On the lattice, continuum
spacetime symmetry is broken to discrete symmetries.
For example, a hypercubic lattice has the symmetries of
reflection, discrete rotation of pi/2, and discrete trans-
lation of a. Some of them are further broken by back-
ground gravitational fields. The full spacetime symmetry
depends on gµν(x).
We here consider the hypercubic lattice with a single
lattice spacing a that is independent of positions and
directions, i.e., ∫
dxµ = a (9)
between nearest neighbor sites. The SU(Nc) link variable
is obtained by discretizing the path-ordered product of
Aµdx
µ,
Uµ(x) = Pei
∫
dxµAµ(x) = eiaAµ(x). (10)
In this and the following equations, the contraction of
the Lorentz indices is not performed unless otherwise ex-
plicitly summed.
The building block of the lattice gauge action is the
plaquette
Uµν(x) = Uµ(x)Uν(x+ µˆ)U
†
µ(x+ νˆ)U
†
ν (x). (11)
The shorthand notation µˆ means the unit lattice vector
in the xµ direction. We construct three symmetric com-
binations of the plaquettes,
U¯µν =
1
4
[Uµν + U−µν + Uµ−ν + U−µ−ν ] (12)
V¯µνρ =
1
8
[(Uµν − U−µν)(Uνσ − Uν−σ)
+(Uµ−ν − U−µ−ν)(U−νσ − U−ν−σ)] (13)
W¯µνρσ =
1
16
[Uµν − U−µν − Uµ−ν + U−µ−ν ]
×[Uρσ − U−ρσ − Uρ−σ + U−ρ−σ]. (14)
The plaquettes with negative directions are defined as
Uµ−ν(x) = Uµ(x)U†ν (x + µˆ − νˆ)U†µ(x − νˆ)Uν(x − νˆ) etc.
In the continuum limit,
RetrU¯µν = Nc − a
4
2
RetrFµνFµν (15)
RetrV¯µνρ = −a4RetrFµνFνρ (16)
RetrW¯µνρσ = −a4RetrFµνFρσ. (17)
The lattice gauge action in curved spacetimes is
SYM =
1
g2YM
∑
x
√
det g(x)
×
[∑
µ 6=ν
gµµ(x)gνν(x)
(
Nc − RetrU¯µν(x)
)
− 1
2
∑
{µνρ}
gµν(x)gνρ(x)RetrV¯µνρ(x)
− 1
2
∑
{µνρσ}
gµρ(x)gνσ(x)RetrW¯µνρσ(x)
]
.
(18)
The summation
∑
{µνρ} is performed so as to satisfy
µ 6= ν 6= ρ 6= µ and the summation ∑{µνρσ} is per-
formed such that (µνρσ) is a permutation of (1234). In
this construction, we adopted the condition that it re-
spects reflection symmetry (apart from explicit symme-
try breaking by the metric) and has the smallest number
of loops. As long as the continuum limit is the same,
other constructions are possible. For example, V¯µνρ can
be replaced by W¯µννρ but it has larger number of loops.
Among several choices of lattice fermions, we here con-
sider the simplest one, i.e., the Wilson fermion. The Wil-
son fermion action in curved spacetimes is
SF =
∑
x1x2
a3ψ¯(x1)
[
(am+ 4)
√
det g(x1)δx1,x2
− 1
2
∑
µ
{
(1− γµ(x1))
√
det g(x1)
× Vµ(x1)Uµ(x1)δx1+µˆ,x2 + (1 + γµ(x2))
×
√
det g(x2)V
†
µ (x2)U
†
µ(x2)δx1−µˆ,x2
}]
ψ(x2).
(19)
The connection is introduced as the Spin(4) link variable
Vµ(x) = e
iaΓµ(x). (20)
The splitting of the arguments (x1 or x2) in Eq. (19)
between adjacent lattice sites is determined by requir-
ing γ5 Hermiticity of the lattice Wilson-Dirac operator
γ5Dγ5 = D†. In the formalism of the Wilson fermion,
the so-called Wilson term is added to the naive fermion
action to kill the artificial poles of doublers. Since the
detailed form of the Wilson term is irrelevant in the con-
tinuum limit, we added the usual Wilson term which is
the Laplacian ∆δ = δ
µν∂µ∂ν in a flat spacetime. We
can use the Laplacian ∆g = (1/
√
det g)∂µg
µν
√
det g∂ν
although the lattice action becomes more complicated.
As in lattice QCD in flat spacetimes, improved lattice
actions can be constructed by adding higher-order terms
of the lattice spacing, which are irrelevant in the contin-
uum limit, to reduce discretization artifacts.
III. WICK ROTATION
In the Euclidean path integral formulation, real time
t is transformed to imaginary time τ by the Wick rota-
tion τ = −it. In Euclidean quantum gravity, the Wick
rotation causes serious problems, such as the conformal
instability [8]. Most of the problems are irrelevant for
classical gravity because they originate from the dynam-
ical Einstein-Hilbert action and the diffeomorphism in-
variance. However, also in classical gravity, the Wick
rotation causes the complex metric problem.
For instance, if gµ0(t) (µ 6= 0) is nonzero or if gµν(t)
includes an odd function of t, then gµν(τ) is complex
and thus the Euclidean action is complex. Also, if the
connection is an imaginary number, the fermion action
3is complex. Even if all the elements of the metric tensor
is real, as in the Minkowski space, the action can be
negative and thus non-positive definite. When the total
action is not positive definite, the Monte Carlo simulation
does not work because of the sign fluctuation. This is
called the sign problem. This is a known problem of a
quark chemical potential and an external electric field
[9]. The fermion action with a chemical potential or an
electric field is complex. In curved spacetimes, the sign
problem is more severe because both of the gauge and
fermion actions can be complex.
One approach to avoid the sign problem is to change
the real parameter that makes the action complex to the
imaginary parameter. This is the analogy of an imagi-
nary quark chemical potential and a Euclidean electric
field [9]. The real information in the Lorentzian space-
time is obtained by analytic continuation. Thus this ap-
proach is justified only when analytic continuation is val-
idated. If analyticity is lost, for example in the presence
of a phase transition, this approach is not justified. In
numerical simulations, analytic continuation is done as
numerical extrapolation along the parameter. This ex-
trapolation is expected to be reliable for small parameter
region, i.e., in weakly curved spacetimes.
Another approach is to utilize special symmetry to can-
cel the complex phase of the action. For the sign problem
of chemical potentials and electric fields, there are sev-
eral known symmetries, e.g., isospin symmetry [10]. For
the complex metric problem, such symmetry is not yet
known. In contrast to the first approach, the second ap-
proach is applicable to large parameter region, i.e., in
strongly curved spacetimes.
An entirely different approach is stochastic quantiza-
tion [11]. Although stochastic quantization for complex
action is not fully understood, it is developing rapidly.
The direct simulation of complex metric systems might
be possible in the future.
IV. RENORMALIZATION
The ultraviolet divergence of quantum field theory
comes from infinitely short length scale. When the gravi-
tational field is classical, it has only fixed intrinsic scales.
Therefore classical gravity does not cause new ultraviolet
divergences. Actually, the continuum theory is known to
be renormalizable in general curved spacetimes [12]. Al-
though there is no formal proof of the renormalizability
by lattice regularization, the lattice theory is expected to
be renormalizable.
The lattice spacing is affected by renormalization. The
renormalization of the lattice spacing is troublesome in
curved spacetimes. In flat spacetimes, if the classical lat-
tice spacing is homogeneous and isotropic, the renormal-
ized lattice spacing is homogeneous and isotropic because
it is protected by spacetime symmetry. In the curved
spacetimes where spacetime symmetry is explicitly bro-
ken, even if the classical lattice spacing is homogeneous
and isotropic, the renormalized lattice spacing can be
inhomogeneous and anisotropic. A famous example is
the renormalization of the anisotropic lattice action [5].
On the anisotropic lattice, the spatial lattice spacing as
and the temporal lattice spacing aτ are different. Since
they are differently affected by the renormalization, the
renormalized anisotropic ratio ξren deviates from the clas-
sical value ξcl = as/aτ . In weakly curved spacetimes,
the renormalization correction may approximately be ne-
glected. In a strongly curved spacetime, we need to find
a (perturbative or nonperturbative) scheme to determine
the renormalized lattice spacing and the physical unit.
In addition to the quantum correction, the lattice
spacing receives a classical gravitational correction. In
a curved spacetime, the invariant length is ds =√
gµνdxµdxν . The distance between nearest neighbor
sites changes as a → √gµµa. When we calculate a
two-point correlator as a function of time or distance,
we should use the proper time or the proper length
l =
∫
ds =
∑√
gµµa.
V. SIMULATION
We explicitly demonstrate the computational imple-
mentation of the above formulation. For a simple
and intuitive example, we consider particle production
in an expanding space. The time evolution of a flat
three-dimensional space is described by the Friedmann-
Lema´ıtre-Robertson-Walker metric
ds2 = dτ2 + α(τ)2(dx2 + dy2 + dz2), (21)
which is used for the cosmological model of the expand-
ing universe [13]. The functional form of the scale factor
α(τ) depends on the contents of the universe, e.g., nonrel-
ativistic matter, radiation, or the cosmological constant.
The lattice gauge action is
SYM =β
∑
x
[∑
k
α(τ)
(
1− 1
Nc
RetrU¯4k(x)
)
+
∑
k>l
α(τ)−1
(
1− 1
Nc
RetrU¯kl(x)
)] (22)
with k, l = 1, 2, and 3. The lattice coupling constant is
defined as β = 2Nc/g
2
YM. This action is similar to the
anisotropic lattice action [5] but the coefficient depends
4on coordinates. The lattice fermion action is
SF =
∑
x1x2
a3ψ¯′(x1)
[
δx1,x2
− κ
∑
k
{
(1− γkα(τ1)−1)Vk(x1)Uk(x1)δx1+kˆ,x2
+ (1 + γkα(τ2)
−1)V †k (x2)U
†
k(x2)δx1−kˆ,x2
}
− κ{(1− γ4)(α(τ1)
α(τ2)
) 3
2
U4(x1)δx1+4ˆ,x2
+ (1 + γ4)
(
α(τ2)
α(τ1)
) 3
2
U†4 (x2)δx1−4ˆ,x2
}]
ψ′(x2).
(23)
The spinor fields are rescaled as ψ¯′(x1) = α(τ1)3/2(am+
4)1/2ψ¯(x1) and ψ
′(x2) = α(τ2)3/2(am+ 4)1/2ψ(x2). The
hopping parameter is defined as κ = 1/(2am + 8). The
connection is
Vk(x) = exp
(
iγkγ4
∂4α(τ)
2
)
. (24)
The vierbein is taken as e11 = e
2
2 = e
3
3 = 1/α, e
4
4 = 1, and
eµi = 0 for µ 6= i.
In this study, we consider the expanding universe
with the cosmological constant. The scale factor is
α(t) = α0e
Ht in the Lorentzian spacetime. The param-
eter H is the Hubble constant. The naive Wick rota-
tion to imaginary time provides the complex scale fac-
tor α(τ) = α0e
iHτ , and causes the sign problem. To
avoid this, we introduce the “imaginary” Hubble con-
stant HI = iH and the Euclidean expansion as
α(τ) = α0e
HIτ . (25)
The metric tensor is real and the lattice action is pos-
itive definite, as seen in Eqs. (22) and (23). Note that
we cannot directly relate the following result to particle
production in the Lorentzian spacetime without analytic
continuation. We here treat the Euclidean expansion it-
self, as the theoretical study of QCD with an imaginary
chemical potential.
time
FIG. 1: Expanding lattice.
The geometry is schematically shown in Fig. 1. The
three-dimensional space starts to expand at τ = 0 and
ends at τ = a(Lτ − 1), where Dirichlet boundary con-
ditions are imposed. The initial scale factor is set to
α(0) = α0 = 1. In the three-dimensional space, peri-
odic boundary conditions are imposed. The lattice size
is LxLyLz × Lτ = 103 × 20. We performed quenched
QCD simulation with β = 5.9 and κ = 0.154. We only
consider small parameter region aHI  1.
For particle production in the Euclidean expansion, we
computed the imaginary particle number of fermions at
fixed time slices
NI(τ) =
∫
d3x
√
det g nI(x) (26)
nI(x) = −ij4(x) = −i〈ψ¯(x)γ4ψ(x)〉. (27)
As shown in Figs. 2 and 3, nonzero positive NI and nI
are produced in the Euclidean expansion. The data of NI
is rescaled by multiplying a factor 1/(LxLyLz) = 10
−3.
The inequality NI/(LxLyLz) ≥ nI holds in this expand-
ing space because of
√
det g = α3 ≥ 1. From numerical
fitting, we obtained NI/(LxLyLz) = C1HI [(τ/a) + C2]
and nI = C1HI [(τ/a) +C2]α
−3 with C1 = 0.012± 0.001
and C2 = 57± 8. The best-fit functions are shown in the
figures.
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FIG. 2: τ -dependence of the total fermion number NI and
the fermion number density nI with aHI = 0.03.
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FIG. 3: HI -dependence of the total fermion number NI and
the fermion number density nI at τ/a = 10.
5VI. CONCLUSION
We have formulated lattice QCD in curved spacetimes
to study gravitational effects on QCD. We have per-
formed the first simulation to demonstrate the computa-
tional implementation. For practical applications to phe-
nomenology, there are open issues to be discussed in more
detail, in particular, analytic continuation and renormal-
ization. The full QCD simulation is also necessary for the
study of particle production. By performing quantitative
analysis, we can discuss nonperturbative QCD effects on
cosmology. For example, the functional dependence on
the Hubble constant is essential for a scenario of dark
energy [14].
There are a large number of future developments of
this framework. On the theoretical side, we can also for-
mulate other kinds of lattice field theory in curved space-
times, e.g., scalar field theory, electroweak gauge theory,
and nonrelativistic field theory, and so on. In scalar field
theory, the action includes the renormalizable term Rφ2,
which couples to a scalar curvature R. On the practical
side, by applying this framework, we can study nonper-
turbative phenomena of QCD in various curved space-
times, e.g., on black holes, in the anti-de Sitter space,
and so on.
We have considered only the case that the spacetime is
covered with a single regular coordinate patch. In several
physically interesting spacetimes, the metric tensor gµν
is singular, e.g., on black holes, or the inverse metric ten-
sor gµν is singular, e.g., in polar coordinates. When such
singularities exist, we need the scheme to resolve it: (i)
transforming a singular coordinate to a regular one, (ii)
cutting the region around the singularities, or (iii) intro-
ducing several local coordinate patches and gluing them
at boundary regions. The formulation of this scheme on
the lattice is also a future work.
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